Abstract. We revisit the large data scattering problems for the 2D mass supercritical Schrödinger and Klein-Gordon equations with radial data in the energy space. We give an alternative proof for both defocusing and focusing cases using the ideas of Dodson-Murphy [6] .
Introduction
In this note, we consider the non-linear Schrödinger (NLS) equation i∂ t u − ∆u =f (u), u(0, x) =u 0 (x), (1.1) and the non-linear Klein-Gordon (NLKG) equation
where u(t, x) : R × R 2 →C. Throughout this paper we assume f (u) = λ|u| p u or f (u) = λ e κ 0 |u| 2 − 1 − κ 0 |u| 2 u, (
where p > 2, κ 0 > 0, and λ = 1 (focusing case) or λ = −1 (defocusing case), and F (u) : C→R satisfy F (0) = 0 and ∂ u F (u) = f (u), namely The NLS has conserved energy
and mass The NLKG has conserved energy E K (u(t), u t (t)) = R 2 1 2 |∇u(t, x)| 2 + 1 2 |u(t, x)| 2 + 1 2 |u t (t, x)| 2 − 1 2 F (u(t, x)) dx.
M(u(t)) =
(1.7)
Let ∇ = 1 + |∇| 2 and we define the semi-group S(t) := e −it∆ , Schrödinger case, ∇ −1 sin (t ∇ ) , Klein-Gordon case, (1.8) and also for Klein-Gordon,Ṡ(t) = cos (t ∇ ). We are going to study the strong solution, in the sense that u ∈ C t H 1 (I × R 2 ) solves the integral equation for NLS u(t) = S(t)u 0 − i t 0 S(t − s)f (u(s)) ds, (1.9) or for NLKG u(t) =Ṡ(t)u 0 + S(t)u 1 + t 0 S(t − s)f (u(s)) ds.
(1.10)
We say that a solution of NLS (1.1) scatters (in energy space), if there exists u ± ∈ H 1 such that lim t→±∞ u(t) − S(t)u ± H 1 = 0, (1.11) and similarly for NLKG (1.2), if there exists (u ± , v ± ) ∈ H 1 × L 2 such that lim t→±∞ (u(t), ∂ t u(t)) − (Ṡ(t)u ± + S(t)v ± , (Ṡ(t)u ± + S(t)v ± ) t )
There are extensive results on the large data scattering in energy space for both NLS and NLKG. We only refer to the 2D results, in which case the classical Morawetz estimate breaks down even for the defocusing problems. We first recall the results for mass super-critical power type non-linear terms (p > 2). For defocusing NLS and NLKG, Nakanishi [22] introduced a new type of Morawetz estimate, and combined with induction on energy argument to prove scattering in the energy space. For focusing NLKG, in [15] , Ibrahim, Masmoudi, and Nakanishi proved large data scattering for solutions with energy below ground state. Inui [16] extended the results to the complex-valued Klein-Gordon equations. Similar results for focusing NLS were also obtained in [8] and [9] . The scattering of mass critical NLS (p = 2) is more difficult and has also been solved (see [4, 5, 17] ), but this case is beyond our method in this paper.
Next, we recall the scattering results for the exponential type non-linear terms. This is the energy critical problem for 2D and is closely related to the TurdingerMorser inequalilty. Global well-posedness and scattering with small energy data was proved by Nakamura-Ozawa [19] [20] [21] (see [27] for more general nonlinearity). The exact size of data for well-posedness was investigated in [3] and a notion of criticality was proposed. In our notations, for NLS they proved global well-posedness for E S (u 0 ) ≤ 2π/κ 0 and some ill-posedness for E S (u 0 ) > 2π/κ 0 . See [12] and [13] for the results on NLKG. For the large data scattering, it was proved in [14] for the defocusing NLKG with E K (u 0 , 0) 2π/κ 0 , and in [11] for the defocusing NLS in the sub-critical region E S (u 0 ) < 2π/κ 0 . When E S (u 0 ) = 2π/κ 0 , the scattering was obtained in [2] for radial data. For focusing NLKG, scattering for solutions with energy below the ground state was proved in [15] . It seems to us that the focusing exponential NLS was not studied.
We remark that all the large data scattering results for the focusing problems rely on Kenig-Merle's concentration compactness/rigidity method. Recently, Dodson and Murphy ( [6, 7] ) used the ideas of combined virial and Morawetz estimates (first by Ogawa-Tsutsumi [24] for blowup problems) in the scattering problems. They gave a simple proof of the scattering for focusingḢ 1/2 -critical NLS in dimensions three and higher. For the two dimensional case, some new difficulty arises due to the weak time decay rate t −1 of the linear propagator. Our purpose is to extend Dodson and Murphy's method to 2D. We exploit additional decay from the virial-Morawetz estimates to overcome the logarithmic divergence of time integral in 2D 1 . In the focusing case λ = 1, we study the solutions with energy below the ground state. We introduce some notations on the variational analysis (from [15] ) in the d dimension although we will only need it for d = 2. Let (α 1 , β 1 ) ∈ R 2 such that
For c 0, define the static energy
and
We omit the super-script c when c = 1. We also take the quadratic part of
The purpose of this paper is to give an alternative proof for the following theorems. The results were proved before without radial assumption (see [11, 14, 15] ) except the focusing exponential NLS.
3) with p > 2 and (α 1 , β 1 ) ∈ R 2 satisfies (1.13). Then (a) (Defocusing power type case) If f (u) = −|u| p u, then the solution of (1.1) exists globally and scatters. (b) (Defocusing exponential case) If 19) and E S (u 0 ) < 2π/κ 0 , then the solution of (1.1) exists globally and scatters.
then the solution of (1.1) exists globally and scatters.
3) with p > 2 and (α 1 , β 1 ) ∈ R 2 satisfies (1.13). Then (a) (Defocusing power type case) If f (u) = −|u| p u, then the solution of (1.2) exists globally and scatters. 20) and E K (u 0 , 0) < 2π/κ 0 , then the solution of (1.2) exists globally and scatters. (c) (Focusing case) If λ = 1, E K (u 0 , u 1 ) < m α 1 ,β 1 and K α 1 ,β 1 (u 0 ) > 0, then the solution of (1.2) exists globally and scatters. Remark 1.3. For complex-valued Klein-Gordon equations with power type nonlinearity |u| p u, we can obtain radial scattering below the standing wave solutions as Inui [16] . More precisely, let ω = √ 1 − c ∈ [0, 1) and Q ω be the unique positive solution of
Scattering for NLKG holds under the following assumptions: 22) and
Preliminaries
We first recall some variational results in the focusing case. We define that
where the supremum is taken over all ϕ ∈ H 1 \ {0} satisfying κ 0 ∇ϕ
then we have 
We have that K
is independent of the choice of (α 1 , β 1 ), so we denote it by K ± . Furthermore, K + is a connected and open subset of {J(ϕ) < m α 1 ,β 1 }, and 0 ∈ K + . (e) (Free energy equivalence) If ϕ ∈ K + , we have that
We denote it by K(u). Combining with the local well-posedness, this theorem yields global well-posedness and lower bound of virial functional for focusing problem:
Theorem 2.2. We assume that λ = 1, and
for all t ∈ R.
Proof. Suppose that u(t) is the solution of (1.1) with maximal existence interval I.
. By free energy equivalence, J(u(t)) ∼ u(t) H 1 . In exponential case, sup t∈I ∇u 2 2 < 4π/κ 0 using the functional K 0,1 . Combining with local theory, we have that I = R.
Similar result holds for NLKG, we omit the details of the proof. Theorem 2.3. We assume that λ = 1, and
In order to deal with the exponential non-linear term, we need sharp TrudingerMoser inequality :
We also need the log-interpolation inequality:
where
Virial-Morawetz estimate
In this section, we prove the virial-Morawetz inequality in both defocusing and focusing cases. Define
We first recall the Morawetz identity for NLS and NLKG:
Next, we derive the virial-Morawetz estimate. From now on, the implicit constants may depend on the energy E S or E K and mass M(u).
, and f (u) satisfy (1.3). We make the following assumptions: if f (u) is power type, we assume 4/d < p for d = 2 and 4/d < p < 4/(d − 2) for d 3; if f (u) is exponential type, we assume d = 2; if λ = −1 and f is exponential type, we assume E S (u 0 ) < 2π/κ 0 for NLS and
4)
and K(u 0 ) > 0.
Suppose that u(t, x) ∈ C (I : H 1 ) is a radial solution of (1.1) or (1.2) with maximal existence interval I. Then, we have I = R and for any R > 0 and T 2 > T 1 > 0, if f is power type, then
Furthermore, for any δ > 0 and T > 0, we have
If f is exponential type, then we have the above two estimates for d = 2 and p = 4.
Let h(x) = ϕ(|x|)x/|x| and q(x) = divh(x)/2. After simple computation, we have
Let M(t) denote the Morawetz quantity:
It is easy to see that M(t) R. By Morawetz identity,
It is obvious that
Since u is radial, |∇u| 2 − |∂ r u| 2 = 0. The main term comes from
(3.13)
When λ = 1, it follows from the assumption and variational results that u(t) is a global solution. By simple computation, there exists R 0 > 0 depending on the energy of initial data, such that χ R u(t) satisfies J(χ R u(t)) < m α 1 ,β 1 , for any R > R 0 . {χ R u : R 0 < R} can be viewed as a continuous orbit in {J(ϕ) < m α 1 ,β 1 }. Since the set K + is connected and open, we have that K(χ R u(t)) > 0. Therefore, by variation estimate,
We have
For power type non-linear term f (u) = |u| p u, we have F (u) = 2|u| p u/(p + 2) and G(u) = p|u| p u/(p + 2). Therefore, by radial Sobolev inequality,
As for exponential one
we have 19) and
Therefore, similarly by radial Sobolev inequality,
We can also derive a same bound for
Since ϕ/|x| − ϕ ′ = 0 if |x| ≤ R and 0 < ϕ/|x| − ϕ ′ R/|x| if |x| ≥ R, using radial Sobolev inequality again, the last term can also be bounded by
Integrating on the interval [T 1 , T 2 ], by variation estimate we get
By local theory, the above inequality also holds for R < R 0 , with the implicit constant depending on the conserved quantities. Note that 26) then the proposition follows by summing up the integral on intervals [2 k T,
Let δ > 0 be sufficiently small. We define the exponents α and β as 
Proof. In power type case, (3.29) comes from interpolation between (3.6) and
Let θ = 2/(p(p + 1)). Note that
By interpolation,
Therefore, estimate (3.29) follows from Hölder inequality in t.
In exponential case, the proof is a bit more complicated. We are going to use Young inequality instead of interpolation: for any positive sequences {a k } and {b k },
We can estimate
where in the last inequality we used
Using Hölder in t, we have that Proof. By (3.6) and change of variable, we have that
For any a 1 > 0, we split the time interval into subintervals with length a 1 , namely
We can find [T 1 , T 1 + a 1 ] such that
Changing it back in variable t, we have
Note that
and a = a 1 /θ, then (3.39) follows.
Scattering

Power type case.
We first recall non-linear estimates for general dimensions. For interval I ⊂ R, let
We have for both NLS ∇ |u| p u
and NLKG and for all T > T 0 , we have linear bound
We also use (3.39) with θ = α, namely for given ε 1 , there exists T 1 > 0 and τ = CT
Now, for any fixed t ′ > T 1 , we divide the solution of NLS into several parts
and for NLKG u(t, x) =Ṡ(t)u 0 + S(t)u 1 + λ
then we estimate the weak norm u W (T 1 ,t ′ ) .
Note that for NLS, −iλ 10) and for NLKG,
Since the solution is uniformly bounded in H 1 for all t ∈ R, we always have uniform Strichartz bound for this term. Next, we use interpolation for NLS,
and for NLKG,
, (4.13) and then by interpolation, dispersive inequality, and Besov embedding, we have
. (4.14)
Next, we will use an elementary lemma:
Lemma 4.1. For any 1 ≪ τ ≪ T , a 1 and b ∈ R such that 1 − a + b < 0, we have
This lemma follows easily by splitting the time interval into [0, T /2] and [T /2, T − τ ], so we omit the details.
It follows from Hölder and radial Sobolev inequality that
The second term is bounded by T
. By Hölder inequality and Morawetz estimate (3.6), we have for the first term
Therefore, for both NLS and NLKG, we have 19) and
Using integral equation for NLS 21) or for NLKG
we have for both NLS and NLKG
.
(4.23)
The continuity argument yields that
Therefore, we obtain
Combining the above estimates, we have for both NLS and NLKG
By local theory, we also have
Using continuity argument again, we have global bound for u,
for any t ′ > T 1 , which implies the scattering.
Exponential case.
In exponential case, we have Proposition 3.2 holds. We first derive a long time L 3 decay lemma.
Proof. We are going to use decay estimate (3.39) with θ = 1/2 − δ. Note that we have 1 − θ = β = 1/2 + δ, θ > α and 1 − α/θ > 1/3 + 3δ. Let a = ε −3 0 and ε = ε 9 0 , there exists T 0 > a 1/(1−β) such that
We take
We take any t such that t ∈ T 1 , T 1 + aT Now, we write the integral equation into several terms for NLS
and for NLKG
We first consider the linear term for NLS. Given ε 0 > 0, there exists a smooth u 0 such that u 0 − u 0 H 1 ε 0 . Since u 0 has good dispersive decay, we can find a large T 1 > T , such that for any t > T 1 ,
Similarly for NLKG, there exists T 1 > T , such that for any t > T 1 ,
We first estimate the integral term on [0, t − τ ]. For NLS, by interpolation
and Duhamel formula
we have that
Similarly as before, we have for NLKG,
To bound the integral term on [t − τ, t], we define the following terms
It suffices to prove that I + II ε 0 . For small u, we have that |f (u)| |u| 5 . We denote the conjugate exponent of q by q ′ . Note that we have dispersive inequality for Schrödinger semi-group
and for Klein-Gordon semi-group
(4.44)
Let r = 2. Note that r/q ′ = 4/3 > 1. I can be bounded by For |u| 1 and any κ > κ 0 , we have that |f (u)| G(u) and |f (u)| κ e κ|u| 2 . We are going to use dual Strichartz estimates for Schrödinger equation
(4.46)
In fact,
(4.47)
Similarly for Klein-Gordon equation, we have that 
By these dual Strichartz estimates, upper bounds on f and Hölder inequality, II can be bounded by
By (3.39), II 1 εt −1/3−3δ . Next, we estimate II 2 by logarithm interpolation inequality 2.13. In both defocusing and focusing cases, we always has
(4.51)
Since u(t) 2 2 is uniformly bounded for both NLS and NLKG, we can find κ > κ 0 and µ such that
Therefore, by log-interpolation inequality (2.13),
In order for L γ(4π−δ/4) t B σ ∞,∞ to be aḢ 1 -sub-critical Strichartz space, we may take γ and σ such that 
, NLKG case, 0 such that sup
We decompose the integral equation for NLS:
(4.60)
We also have a similar decomposition for NLKG. Since in both defocusing and focusing cases, we always has
Using Lemma 2.12 for ϕ = √ κ 0 u, we have that
Recall the fractional chain rule:
If u L ∞ x 1, the non-linear term can be estimated by
If u L ∞ x 1, by Trudinger-Moser and log-interpolation inequality, the non-linear term can be estimated by
By fractional chain rule, the non-linear estimate holds also after substituting ∇ by 
